An anharmonic vibrational Hamiltonian for the amide I, II, III, and A modes of N-methyl acetamide (NMA), recast in terms of the 19 components of an external electric field and its first and second derivative tensors (electrostatic DFT map), is calculated at the DFT(BPW91/6-31G(d,p)) level. Strong correlations are found between NMA geometry and the amide frequency fluctuations calculated using this Hamiltonian together with the fluctuating solvent electric field obtained from the MD simulations in TIP3 water. The amide I and A frequencies are strongly positively correlated with the CdO and N-H bond lengths. The CdO and C-N amide bond lengths are negatively correlated, suggesting the solvent-induced fluctuations of the contribution of zwitterionic resonance form. Sampling the global electric field in the entire region of the transition charge densities (TCDs) is required for accurate infrared line shape simulations. Collective electrostatic solvent coordinates which represent the fluctuations of the 10 lowest amide fundamental and overtone states are reported. Normal-mode analysis of an NMA-3H 2 O cluster shows that the 660 cm -1 to 1100 cm -1 oscillation found in the frequency autocorrelation functions of the amide modes may be ascribed to the two bending vibrations of intermolecular hydrogen bonds with the amide oxygen of NMA.
I. Introduction
Ultrafast vibrational spectroscopy is a powerful tool for probing molecular structure and dynamics in the condensed phase. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] Vibrational frequencies are sensitive to the local solvent environment; the frequency shift with respect to the gas phase provides information about the average structure, whereas the line shapes depend on dynamics of fluctuations. The amide-I infrared absorption band of peptides which originates from the stretching motion of the CdO bond (coupled to N-H bending and C-H stretching) provides a useful indicator of secondary structure changes because of its sensitivity to hydrogen bonding, dipole-dipole interactions, and geometry of the peptide backbone. The anharmonicity and vibrational relaxation were probed in the first 2D IR measurements of peptides. 14 Extensive studies were performed on a small and flexible peptide, trialanine, and yielded the Ramachandran angles in good agreement with NMR studies. 8, 9 For larger peptides the emphasis of 2D IR has been to relate certain patterns in the spectra to typical structural motifs as a-helix, 3 10 -helix, and -sheet. [14] [15] [16] [17] [18] However, the cross-peak pattern of other amide bands can provide additional structural information.
A high-level vibrational Hamiltonian of N-methyl acetamide (NMA) which is the simplest model system for the peptide bond is crucial for constructing the Hamiltonian of larger proteins and simulating their vibrational dynamics. NMA is highly polarizable due to the contribution of the two resonance structures (Figure 1 ), and its structural changes in different solvent environments have been studied. [19] [20] [21] The effects of hydrogen bonding with water on the structure were studied by ab initio geometry optimization of NMA-water clusters. 19 H-bonding was found to increase the CdO bond length by 0.008-0.023 Å, indicating an increased contribution of the ionic resonance form. Similar results were found for liquid NMA. 20 Connecting the vibrations and the structure in solution is of great interest. Ab initio ground-state calculations have been compared with experimental infrared and Raman spectra in the gas phase and in water. [22] [23] [24] [25] [26] [27] MP2 28-30 and several density functionals have been tested. The PW91 31 and its hybrid functional with Becke88 32 (BPW91) combined with 6-31G(d,p) and 6-31+G-(d) basis sets give better gas-phase amide harmonic frequencies of NMA and amide dimers than B3LYP 33, 34 and MP2. 24, 26 The PW91 functional provides good binding energies of hydrogen bond and van der Waals interactions in several dimers of small molecules (0.33 kcal/mol; exp 0.28 kcal/mol for Ar-Ar dimer), whereas B3LYP fails to have an energy minimum for the system. 35 Including three water molecules directly bonded to NMA explicitly, combined with the Onsager reaction field model 36,37 was found crucial for reproducing the amide frequencies of NMA in water. 38 However it is still not clear whether these interactions are purely electrostatic or involve covalent bonding.
The amide I band is widely used as a marker for secondary structure, dynamics, and hydrogen bonding pattern. 16 Electrostatic maps have been used to simulate the vibrational dephasing of amide I mode in NMA, reproducing both the peak shift and bandwidth. 39, 40 An empirical linear relation was assumed between the ab initio normal-mode frequency of NMA-water clusters and the electrostatic potentials at the 6 atom sites of NMA in the same clusters. The maps are limited to the fundamental frequency, and it is not clear whether they are generally transferable to other solvents. The amide II and III modes are known as marker bands and show a blueshift in polar solvents. 38 The diagonal and off-diagonal peaks of all amide modes can be used to characterize the structure of proteins. In linear spectra the amide A band in water is usually hidden underneath the broad O-H stretch band of water. However the amide A can be observed in 2D measurements as its off-diagonal peaks with other amide modes. In this paper we construct a general ab initio electrostatic map that can simultaneously predict the fundamental and combination bands of several amide modes and is particularly suitable for the simulation of the nonlinear-infrared response. We have demonstrated this approach for the O-H stretch of HOD in D2O. 41 A fluctuating Hamiltonian was obtained by diagonalizing the anharmonic ab initio vibrational Hamiltonian of an isolated HOD molecule in a spatially nonuniform electrostatic potential expanded to second-order Cartesian coordinates at the center of charge. 41 This approach has several notable advantages over the empirical ab initio maps which predict the line width with comparable accuracy. First, it shows that the electrostatic modeling can reproduce the experimental linear and third-order infrared spectra, suggesting that the electrostatic contributions are more important than covalent contributions to hydrogen bonding effects on high-frequency vibrational bands. Second, it includes geometry changes due to the solvent-induced polarization. The geometry of NMA is optimized in the presence of the electric field when the DFT map is created. Therefore the simulation includes geometry fluctuations in response to the solvent-induced electrostatic potential, which allow us to establish the connection between the frequency and geometry fluctuations. Third, the map incorporates higher (up to fourth order) derivatives of the electrostatic potential. Our calculations clearly demonstrate that the electric field gradient-tensor contributes significantly to the frequency fluctuations. Fourth, this map is not optimized to a particular solvent or solvent environment and is therefore transferable. Fifth, it provides the entire fluctuating Hamiltonian required for simulations of nonlinear spectra (fundamental and overtone frequency as well as the transition dipole magnitude and direction) from first principles. Collective solvent coordinates have been identified, offering a simple physical picture for the infrared bands and allowing high level line shape simulations using the stochastic Liouville equations. 42 The DFT electrostatic map was constructed for NMA at the BPW91/6-31G(d,p) level where the four amide (I, II, III, and A) fundamental frequencies and their combination and overtone frequencies are parametrized in terms of the electrostatic potential expanded to third order in Cartesian coordinate. The map is obtained by numerical derivatives of the vibrational eigenstates calculated for the sixth-order ab initio anharmonic vibrational potential with respect to the electric field, first and second electric field derivatives. The solute-solvent interactions are assumed to be purely electrostatic, and the map includes the electronic polarization of NMA and the solute-solvent dynamics. The complete fluctuating Hamiltonian required for the third-order vibrational response of NMA is calculated using the electric field and its first and second derivatives. These are obtained by least-squares fits to an electric field sampling grid from MD simulations The linear-infrared spectra are calculated, including all 4 amide modes. A local sampling at 4 amide (C,O,N,H) atoms and 3 additional points (for out-of-plane gradients) fails to reproduce amide II and III solvent shifts, whereas a global sampling which spans the entire region of transition charge densities (TCDs) of amide modes predicts the amide I, III, and A peak shifts, in good agreement with experiment. The amide II shift is less accurate since its more delocalized TCD is not fully covered by our electrostatic grid. A collective solvent coordinate, a linear combination of 19 independent components of electric field and its derivatives, is constructed for each of the 10 amide states considered (the fundamentals, overtones, and combination bands).
Inhomogeneous electrostatic fluctuations for the amide modes obtained from MD simulations and the least-squares fit using the sampling point of large amide transition charge densities are shown in section II. Electrostatic DFT maps are constructed for the NMA structure, the 10 lowest amide frequencies (fundamental, overtone, and combination), and their transition dipole moments in section III. The infrared spectrum is simulated in section IV. An electrostatic collective coordinate for each of the 10 states is presented in section V. Finally, our results are discussed in section VI.
II. Inhomogeneous Electrostatic Fluctuations of the Amide Modes
The molecular charge density F(r) can be expanded in the vibrational modes Q i : 43 The transition charge density (TCD) (∂F(r)/∂Q i ) reflects the electronic structure change due to the Q i vibration. We expect the electrostatic potential generated by the solvent in the TCD region to affect the optical response of that vibration. Atom labels and the molecular coordinate system are defined in Figure  2 . Contour plots of the TCD for the various amide modes are presented in Figure 3 . The amide I TCD is localized on the amide oxygen and carbon. For amide A it is localized on the N-H bond. For amide III it is delocalized over the four amide atoms (O4, C3, N2, and H6) and also the N2-C1 bond region, and for amide II it is most delocalized over the amide and methyl groups (C1, H7, H8, and H9). This suggests that while the electrostatic potential in the vicinity of four amide atoms (O4, C3, N2, and H6) should be most important to all amide modes, other areas such as the methyl group (C1, H7, H8, and H9) and the C3-H5 bond region are also relevant for amide II and III.
MD simulations were performed using the CHARMM force field for NMA and TIP3 water at a constant temperature 300 K 44 and a constant volume (NVT) after a constant temperature 300 K and pressure 1 bar 45 (NPT) equilibration. A 30.75 Å cubic simulation box of one NMA with 1000 water molecules was created. The NMA and water molecules were kept rigid using the SHAPE and SHAKE 46 algorithms, respectively. A 12 Å cutoff distance for both electrostatic and LennardJones forces was used. Long-range electrostatic interactions were accounted for with the Particle-mesh Ewald (PME) summation. 47 The electric field and gradients were obtained from a 1 ns trajectory with a 1 fs time step. 
Contour plots of the average and variance of the electrostatic potentials and the electric fields (E x and E y ) are shown in Figure  4 . By symmetry, the average E z vanishes in the x-y plane and is not shown. The average electrostatic potential has one maximum at (-2,-1.3,0) Å which corresponds to the H 2 O hydrogen bound to the amide oxygen of NMA and a minimum at (2,1,0) Å, corresponding to the oxygen of water bound to the amide hydrogen. The variances of electrostatic fields, E x and E y , are larger in the right and left side of the contour plots where the solvent is accessible. We defined the average correlation time of E x and E y : Contour plots of t R shown in Figure 4 indicate that in the region where the water hydrogen bonded to NMA is possible, the electric field varies more slowly due to the intermolecular vibrations and the exchange of water. However the fast time scales are not directly connected to intermolecular vibrations or exchange. It should be noted that the classical point charge approximation for the solvent overestimates the electric field in the area where the solvent is accessible due to neglecting the solvent charge distribution.
The solvent-induced electrostatic potential U was expanded to cubic order in Cartesian coordinates X R (R ) x, y, z) around the midpoint between amide oxygen and hydrogen atoms of NMA (Figure 2) Apart from the trivial factor U 0 , eq 3 has 19 independent parameters (note that E R ) E R ) which were arranged in a vector C ) (E x , E y , E z , E xx , E yy , E zz , E xy , E xz , E yz , E xxx , E yyy , E zzz , E xyy , E xxy , E xxz , E xzz , E yzz , E yyz , E xyz ). C was obtained by a leastsquares-fit of the actual electric field data obtained from the MD configurations. We used 67 sampling points consisting of two-dimensional 49 (7 × 7) grid points in the x-y plane within a rectangular area defined as -1.4 < x < 1.4 and -0.8 < y < 0.8 in Å, 6 additional points outside of the rectangular area in the x-y plane, and 10 points located at ((0.5,0,0), ((0.5,0,(0.5), and ((1,0,0), ((1,0,(0.5) in Å. This sampling, denoted S1, covers most of the areas of large TCD (larger than 0.01 esu/Bohr) for amide I, III, and A. For comparison, we also used a 7-point sampling (S2), 5 in the x-y plane at the positions of 4 amide atoms and the origin of the coordinate system and 2 outof-plane located at (x, y, z) ) (0,0,0.2) and (0,0,-0.2). S2 was only used as a reference in a few calculations indicated below; all other calculations are based on S1.
Contour plots of the average E x and E y in the vicinity of 4 amide atoms directly calculated from MD simulation together with fits are shown in Figure 5 . The root-mean-squaredisplacement (RMSD) between the MD simulation and leastsquares fit was calculated as well and displayed in Figure 15 in the Supporting Information where E R MD (r, t) and E R LSQ (r, t) represent the electric field in R ) x, y direction at time t, and position r is calculated from MD simulation and from the least-squares fit. T ) 2 ns is the simulation time. S2 gives a better field (smaller RMSD) at the 4 amide atoms. However E y has a saddle point near the amide nitrogen, whereas S2 has a minimum. S1 has a larger RMSD at the 4 amide atoms but better reproduces the global electric fields E x and E y .
III. The DFT Electrostatic Map
Geometry optimization and normal mode calculations of trans-NMA with C s symmetry in the gas phase 38 were performed using Gaussian 03 at the BPW91/6-31G(d,p) level. 48 The BPW91 functional with 6-31G(d) basis set is known to reproduce experimental amide I, II, and III frequencies. 38 We used the 6-31G(d,p) basis set with extra p-functions on the hydrogen atoms. The resulting anharmonic vibrational potential V(Q;C(t)) was expanded in 5 normal coordinates involving the amide CdO stretch, N-H bending, and N-H stretch (Q 1 : mixture of N-H bending and methyl deformation, Q 2 : amide III mode, Q 3 : amide II mode, Q 4 : amide I mode, and Q 5 : amide A mode). The harmonic frequencies are listed in Table 1 . V(Q;C(t)) fluctuates with time, following the solvent-induced electrostatic potential U(X) parametrized by C(t). The potential energy of NMA was expanded to sixth order in the 5 normal coordinates where f l 1 ‚‚‚l n (n) ≡ (∂ n V/∂Q l1 ‚‚‚∂Q ln )/n!. The geometry was optimized with respect to these 5 normal coordinates, holding all other degrees of freedom frozen to vanish the linear coefficients f i
(1) (C) in the presence of nonuniform external electric fields. The anharmonic force constants were then calculated by numerical derivatives of the analytical energy gradients in the same external fields, using our modified Gaussian 03 code. 41 We have parametrized the internal coordinates at the minimal energy geometry with C where R a is either a bond length, a bond angle, or a dihedral (1) ) of the CdO, C-N, and N-H bond lengths are given in Table 8 of the Supporting Information.
Fluctuations of the structure were calculated using eq 6. The static distributions of the CdO, C-N, and N-H bond lengths and the C-N-H angle are shown in Figure 6 . The statistics of these internal coordinates are summarized in Table 2 . The distribution of the N-H bond length is asymmetric with a tail for a longer bond length. Both average CdO and N-H bond lengths in water are significantly longer than in the gas phase (0.014 and 0.005 Å, respectively), and the C-N stretch in water is shorter by 0.007 Å. This is in qualitative agreement with the earlier study of the Hartree- Figure  7 . The CdO and C-N bond lengths are negatively correlated, suggesting that the relative contribution of the two resonance structures N2-C3dO4 and N2 + dC3-O4 -change depending on the solvent environment ( Figure 1 ). The CdO and N-H bond lengths have a positive correlation. This can be rationalized since hydrogen bonding to either O4 or H6 causes a positive electric field E x making both CdO and N-H bond lengths longer due to the larger molecular dipole-electric field interactions.
The vibrational Hamiltonian was recast in a normally ordered form (Appendix C of ref 49) , and the eigenstates were obtained by diagonalizing the Hamiltonian using the Implicit Restarted Arnoldi Method (IRAM) 49-51 using a Hartree product basis set made of 12 harmonic oscillator eigenfunctions per one normal mode. Basis states where the total number of excitations n T ≡ n 1 + n 2 + n 3 are larger than 12 are neglected. The basis set size was 6183. The gas-phase vibrational eigenstates (eigenfrequencies and eigenvectors) are tabulated in Table 9 of the Supporting Information.
We focused on the 10 eigenstates which dominate the linear and the third-order infrared spectra: the 4 amide I, II, III, and A fundamentals which have large transition dipole moments to the ground state, the 3 first overtone of amide I, II, and III modes, and the 3 combination bands. The 6 overtone and combination states have large transition dipole moments to the (
3 amide I, II, and III fundamentals. The transition moments between the other states are 1-2 orders of magnitude smaller. The frequencies and transition dipole moments of these 10 states are summarized in Table 3 . The amide I, II, and III frequencies are in good agreement with experiment (without scaling) to within 3-27 cm -1 . The first overtone of amide I mode is at 3436 cm -1 (experiment 3440 cm -1 ) and its anharmonicity 10.6 cm -1 (experiment 16 cm -1 ). Compared with Table 1 , the fundamental frequencies are around 10 cm -1 lower than their harmonic frequencies (9 cm -1 for amide I). The vibrational transition frequency from the ground state to state ν and the transition dipole moments between states ν and ν ′ were parametrized using the electrostatic vector C where O (1) and M νν′ (1) are 19 component row vector and O (2) and M νν′(2) are 19 × 19 matrix defined in the same way as eqs 7 and 8. The gas-phase frequencies ω gas ν were taken from experiment. 52 The linear terms of the DFT map, O (1) and M (1) , are given in Tables 10 and 11 of the Supporting Information, respectively.
The amide frequency fluctuations are calculated using eq 9 with the S1 sampling. The static distributions of the four Left column: top -the average electric field Ex of NMA in H2O from the MD simulation; middle -the least-squares-fit to the MD simulation data using sampling 1 (S1); bottom -the least-squares-fit to the MD simulation data using sampling 2 (S2); right column: same quantities for Ey. Red circles represent the four amide atoms (O4, C3, N2, and H6). The sampling points (S1) are shown by the blue crosses in panels (b) and (e). Figure 6 . Static distribution of the equilibrium bond lengths of C3d O4, C3-N2 and N2-H6, and the equilibrium C3-N2-H6 angle. The arrows represent the gas-phase bond lengths and the C-N-H angle. The correlations between the internal coordinates and the amide fundamental frequencies are shown in Table 7 . The correlation is defined as r ij varies between 1 (full correlation), 0 (no correlation), or -1 (full anticorrelation). The C-N-H angle has the strongest positive correlation with the C-N bond length (0.328), suggesting that the longer C-N bond length causes the smaller C-N-H angles. The two (amide II and III) bending modes also have significant correlations with the C-N-H angle (II: -0.280 and III: 0.326); however, the amide A has almost no correlation. This might be because the change in the minimum of the C-N-H angle shifts the bending frequencies due to the anharmonicity of their potential. C-N, and N-H Bond Lengths and C-N-H Angle) a Bond lengths are in Å and C-N-H angle is in degrees. The average and variance of the internal coordinates of NMA in water are obtained from eq 6 and a MD trajectory. The gas-phase values are from the optimized structure of an isolated NMA with no external field at the same computational level (BPW91/6-31G(d,p) ). For amide I, we also show the infrared line shapes convoluted with a Lorentzian of 11.8 cm -1 fwhm corresponding to the experimental vibrational relaxation rate 14 (blue dashed line). Arrows represent the gas-phase frequencies.
IV. The Infrared Absorption
The linear response was calculated using the cumulant expansion of Gaussian fluctuations (CGF). 53, 54 The quantum frequency correlation functions of the four amide fundamentals calculated using the Wiener-Khinchin relation 55 with the harmonic quantum correction 56 are displayed in Figure 10 . Amide II has the fastest decay. All four modes have an oscillatory behavior between 0 and 100 fs. The real part of the correlation function was fitted to a three exponentials overdamped and two damped oscillating functions corresponding to a high-frequency underdamped Brownian oscillator in the high-temperature limit (eq 8.69 in ref 56) ( Table 5 ):
The fastest exponential decay of the 4 modes is between 16 and 30 fs, which is much faster than that found in water (HOD in D 2 O). 41 This suggests that hydrogen bonding between NMA and water is less stable than in pure water. The amide I, III, and A modes have a slow exponential 1.2-1.9 ps decay which can be ascribed to a global solvent fluctuation. The oscillation frequencies of four modes Ω and Ω′ are between 660 cm -1 and 1100 cm -1 . To trace their origin we further performed a normal mode calculation for the NMA-3H 2 O cluster in essentially the same geometry as reported in ref 38 at the same level (BPW91/6-31G(d,p)) and found the 2 bending frequencies 674 and 726 cm -1 of hydrogen bondings between 2 H 2 O molecules and an amide oxygen of NMA. The bending motions change the distance between the hydrogens of water and carbonyl oxygen thus affecting the electrostatic potential. The oscillation in the frequency correlations can be attributed to the two intermolecular hydrogen bond bending vibrations. The oscillation of the frequency autocorrelation of amide I was not observed clearly in an earlier study. 39 The variance 〈δω 2 〉, the correlation time constant τ ≡ ∫ 0 ∞ dt〈δω(0)δω(t)〉/〈δω 2 〉, and the motional narrowing parameter 56 κ ≡ (τ δω 2 ) -1 are shown in Table 5 as well. Amide I has the longest correlation time constant 432 fs, and the amide II has the shortest 101.5 fs, suggesting that the amide II bending is modulated mainly by the local solvent fluctuation whereas the amide I is more sensitive to the global solvent dynamics. The variance is smaller for amide II and III compared to amide I and A. κ is largest for amide II (4.32) and smallest for amide A (0.61). The static distributions of the absolute transition dipole moments between the ground state to amide III, II, I, and A fundamental states are shown in Figure 11 . All distributions are nearly Gaussian. The transition dipole moments for the two bending (amide III and II) modes in water are similar to the gas phase; however, the transition dipole moments for the two stretching modes (amide I and A) are significantly enhanced in solution. The amide A modes changes from 4.92 D (gas phase) to 11.94 D (average in water).
The average transition dipole moments of the NMA/water trajectory were used in the calculation of infrared peak intensities. The infrared band shape for each mode is displayed together with the static frequency distribution in Figure 8 . The line shapes are intermediate between Gaussian and Lorentzian (κ ) 0.61∼4.32) and narrower than the static distributions (motional narrowing). The calculated solvent shift and line width of the infrared band obtained from our two electric field samplings are given in Table 6 together with data from the empirical ab initio map. 39 The experimental infrared peaks are obtained by the multipeak Lorentzian fit ( Figure 16 in the Supporting Information) to the infrared spectra (Figure 1 in ref 38) . Two peaks are assigned to the broad 1628 cm -1 line (1635 cm -1 amide I and 1619 cm -1 H-O-H bending of water 23 ). Two sharp peaks around 1400 cm -1 were assigned to the CCH 3 symmetric bend (1377 cm -1 ) and the NCH 3 symmetric bend (1416 cm -1 ) 23 which are not included in our calculation. Since the amide A mode is hidden underneath the broad O-H stretch band of water, different experimental values of solvent shift have been reported from Raman spectra (-184 cm -1 ) 57 and the infrared spectra of NMA in the D 2 O/HOD mixture (-78 cm -1 ). 27 Both S1 and S2 predict amide I peak shifts (-59 and -57 cm -1 ) and line widths (29 and 28 cm -1 ) in good agreement with experiment -80 cm -1 and 29 cm -1 . Both samplings also give the similar amide A frequency shifts (S1: -51, S2: -72 cm -1 ). However S2 fails to reproduce the experimental amide II peak shift (calc: +10 cm -1 ; exp: +53 cm -1 ), and only S1 gives a good amide III peak shift (+33 cm -1 ). Note that S2 reproduces the electric field at amide 4 atoms better than S1, whereas S1 better reproduces the global electric field structure. This suggests that the amide I solvent peak shift only depends on the local electric field structure around the 4 amide atoms, but the amide III is dominated by the global electric field structure. This is consistent with the fact that the TCD of amide I (Figure 3) is localized on the CdO bond region, but for amide III it is more delocalized over the amide group and their bonds to carbons in the 2 methyl groups. The infrared band is thus determined by the global electric field structure in the area where TCD is large. Amide II is most delocalized over the amide and 2 methyl groups. Even though S1 gives a better solvent peak shift (+14 cm -1 ) than S2 (-16 cm -1 ) compared with experiment (+76 cm -1 ), neither is very good. The calculated amide I, II, and III peak intensities are in very good agreement with experiment ( Table 6 ). The amide A intensity is strongly enhanced in water (1.42 × 10 -2 Debye 2 ) compared to the gas phase (2.42 × 10 -3 Debye). The effect is much smaller for the amide I intensity, implying that the N-H bond is more polarized with the N-H stretch vibration in solution.
〈δω(t)δω(0)〉/〈δω
2 〉 ) ∑ i)1 3 A i exp(-t/T i ) + ∑ i)4 5 A i [cos(Ω i t) + 1/(T i Ω i )
sin(Ω i t)]exp(-t/T i ) (12)

V. The Collective Solvent Coordinates
We have defined the following anharmonicity parameters for the overtones and combination bands 23 . Experimental peak shift, fwhm, and intensity of amide III, II, and I modes are obtained from the multipeak Lorentzian fit to the infrared spectra 38 shown in Figure 16 in the Supporting Information. Intensities are normalized with the frequency integrated intensity of amide I band. f Experimental amide A frequency shift is from ref 27. g The columns represent the gas-phase frequency (gas), solvent peak shift (shift), fwhm (fwhm), and intensity (int) of the band in solution. 
where ν 1 and ν 2 are the two fundamental states for the overtone (ν 1 ) ν 2 ) or combination states (ν 1 * ν 2 ). The static distributions of the anharmonicities of 3 overtone and 3 combination states are displayed in Figure 12 . All states have a narrow (fwhm: 5-15 cm -1 ) asymmetric distributions. Anharmonicities of the amide III and I overtones are a few cm -1 smaller in water than in the gas phase, whereas the amide II overtone anharmonicity becomes larger in water. The correlation functions of these 6 anharmonicities are displayed in Figure 13 . Scatter plots of the anharmonicities versus their fundamental frequencies are given in Figure 14 . The correlation between the two defined in the same way as eq 11 is very weak, as shown in Table 7 . The amide I anharmonicity and fundamental have almost no correlation 0.06. The 10 amide frequencies depend quadratically on the 19 electrostatic components C in the DFT map (eq 9). We can extract the linear relationship between the frequency and electrostatic fluctuations by linearizing the map around the equilibrium electrostatic components 〈C〉. A collective solvent coordinate Ω ν was constructed to describe the fluctuations of each of the 10 states. These are given by a linear combination of the fluctuating part of the 19 electrostatic components
The collective coordinates offer a simple physical picture for solvent fluctuations and allow the high level simulation of line shapes. 42 The DFT map frequencies ω am ν in eq 9 for the 4 fundamentals are approximated by a quadratic polynomial in the collective coordinate Ω ν where the coefficient of Ω ν is 1 by definition of the collective coordinate (eqs [14] [15] [16] . The contribution of the electrostatic component E i to the solvent shift is approximated as
The anharmonicities ∆ ν for the 3 overtone and the 3 combination states are also approximated as 
-Ω ν is the collective solvent coordinate for the anharmonicity ∆ ν . Here ν 1 and ν 2 are the two fundamental states for the overtone or combination state. The resulting collective coordinate frequency for the 3 overtone and 3 combination states are ω cc ν ) ω cc
The contribution of each electrostatic component to the solvent shift of the anharmonicity ∆ ss ν is approximated as
The collective coordinates L i for the 4 fundamentals, 3 overtones, and 3 combination states are given in Table 8 . The contribution of each electrostatic component to the solvent shift (∆ω i ) is shown in Table 9 . The quadratic coefficients in eq 17 of all modes are tabulated in Table 10 . E x contributes most (49, 65, and 52%) to the solvent peak shift of amide I, III, and A. This is attributed to the fact that the hydrogen bonding to either O4 or H6 atoms is parallel to the x axis causing the positive E x (corresponding to the large 〈E x 〉), and the transition dipole moments in the x direction are large especially for amide I and A modes (corresponding to the large coefficients L x in collective coordinates). E y contributes 25% and 13% to the amide I and A solvent shift. The secondorder derivative tensors (E xxx , E yyy , and E xyy ) make strong contributions (32, 67, and 27%) to the amide II solvent shift. They are also significant for amide I, III, and A. The diagonal electric field gradient in the out-of-plane direction E zz is negligible for all modes, which has a significant contribution in HOD in the D 2 O case. 41 In pure water the two out-of-plane hydrogen bonds to the HOD oxygen cause the diagonal electric a The differences of the solvent shifts in the infrared spectrum between collective coordinates and the DFT map are shown in cm -1 . b The ratios of the fwhms from collective coordinates to the fwhms from the DFT map are shown in %.
field gradient in the out-of-plane direction and lower the O-H frequency. In NMA, three hydrogen bonds to the carbonyl oxygen and the amino hydrogen are all in the C s symmetry plane resulting in no significant field gradient E zz . The contributions of the autocorrelation and crosscorrelation of electrostatic components to the frequency variance 〈δω 2 〉 are approximated as
The contributions to the frequency variance of amide I, III, and A are shown in Table 12 of the Supporting Information. 〈E x E x 〉 contributes most (37% and 48%) to amide I and III. 〈E y E y 〉 has the second largest contribution to the amide I. The second-order derivatives (〈E x E xyy 〉 and 〈E xyy E xyy 〉) are more important for amide III.
Scatter plots of ω map vs ω cc for the 4 fundamental states and anharmonicities of 3 overtone and the 3 combination states are given in Figures 15 and 16 . Frequencies of all 4 fundamental states and anharmonicities 41 from the collective coordinate agree very well with the DFT map. The infrared spectrum calculated using the collective coordinate using eq 17 is displayed in Figure  17 of the Supporting Information. The difference of the solvent peak shift of the infrared band between the collective coordinate and DFT map calculations and the ratio of the collective coordinate fwhm with respect to the DFT map fwhm are reported in Table 10 .
The collective solvent coordinates for the internal coordinates are also defined in the same way as eq 14. The contributions of each electrostatic component to the solvent shifts of the internal coordinates are listed in Table 11 .
VI. Discussion
We have analyzed the solvent effects on the infrared spectrum of NMA using a DFT electrostatic map constructed at the BPW91/6-31G(d,p) level. The vibrational anharmonic Hamil- tonian is expanded to sixth order in 5 normal coordinates located on the amide bond (a mixture of N-H bend and methyl deformation, amide III, II, I, and A modes) in the presence of the external electric field and its gradient-tensor. Calculations were carried out using Gaussian 03 modified to allow geometry optimizations in a spatially inhomogeneous electric field (see Appendix A of ref 41) . The vibrational eigenstates were calculated using the Arnoldi algorithm for diagonalization of the Hamiltonian using the harmonic basis set.
The electrostatic potential generated by the solvent is expanded to third order in Cartesian displacements, and the ab initio electrostatic map is constructed by expanding the frequencies of amide I, II, III, and A modes to second order in the 19 electrostatic components. The coefficients are calculated by numerical derivatives of the vibrational eigenstates of the sixthorder anharmonic vibrational Hamiltonian constructed around the equilibrium geometries in the presence of spatially nonuniform external electric fields. Therefore the DFT map implicitly includes the geometry changes of NMA 19 due to the solventinduced polarization.
The equilibrium geometry fluctuations of NMA were calculated. The CdO and N-H stretch bond lengths are longer than in the gas phase and the C-N stretch bond length is shorter. Negative correlation between the CdO and C-N bond lengths is observed. This suggests that the relative contribution of the resonance N2 + dC3-O4 -form becomes larger and the N2-C3dO4 form becomes smaller in water than in the gas phase. The amide I and A frequencies are strongly correlated with the CdO and N-H stretch bond lengths, respectively.
The calculated amide I, II, and III gas-phase frequencies are in good agreement with experiment to within 3-27 cm -1 with no scaling. The calculated amide A mode is 70 cm -1 lower than experiment. The fundamental amide I, II, and III frequencies are lower by 9-12 cm -1 compared to the harmonic frequencies. The fundamental amide A frequency is 155 cm -1 lower than the harmonic frequency. The BPW91 functional has been known to give good harmonic frequencies of the NMA amide. The anharmonic effects on the amide fundamental frequencies are comparable to the difference between the calculated frequency and experiment, suggesting the importance of anharmonic effects when high level electron correlation contributions are included. The fidelity of DFT functionals for vibrational spectroscopy should therefore be tested by comparing not only the harmonic frequencies but also the actual vibrational eigenstates with experiment.
Infrared absorption of the amide modes was calculated by combining the ab initio electrostatic map and the trajectory of the 19 electrostatic components obtained by least-squares fits. Two sampling strategies for the inhomogeneous electric field obtained from the MD trajectory were employed to determine these components. S1 uses 65 sampling points which cover the dominant areas of the transition charge densities (TCDs) of amide modes. S2 uses 7 points (4 amide atoms, the origin of the coordinate, and 2 out of plane). S1 reproduces the global electric field structure, whereas S2 gives the electric field locally at 4 atom positions in the amide group. Both S1 and S2 reproduce the experimental solvent shift and line width of amide I and give a similar solvent shift and line width of amide A. However only S1 reproduces the experimental amide III solvent shift and predicts the amide II blueshift, consistent with experiment (S2 gives a redshift). Overall the global sampling (S1) performs better than the atom position sampling (S2). The amide II and III modes cannot be parametrized by the electrostatic potential at the atom positions alone. This can be rationalized since the amide III TCD is more delocalized over the amide group and their bonds to carbons in 2 methyl groups. The global electric field structure in the area where the TCDs of amide vibrations are significant is important to the infrared response. This map can be applied to larger peptides. The electrostatic potential is spatially nonuniform, and higher order derivatives in the vicinity of NMA can improve the results for all amide modes. The amide modes are sensitive to intermolecular hydrogen bonding vibrations. The 660 cm -1 to 1100 cm -1 frequencies of the damped oscillatory profiles in the frequency autocorrelation functions of amide modes are close to the two frequencies 674 cm -1 and 726 cm -1 bending vibrations of hydrogen bonding to amide oxygen of NMA obtained from the normal mode calculation of the NMA-3H 2 O cluster.
The scatter plots of fluctuating anharmonicity of amide III, II and I modes versus their fundamental frequencies shown in Figure 14 suggest that the amide III and I mode anharmonicities have almost no correlation with their fundamental frequencies, whereas the amide II anharmonicity has a weak positive correlation with its fundamental frequency.
The absence of correlation between the anharmonicities and fundamentals may be traced to their different dependence on the electrostatic components of the solvent collective coordinates (Table 8 ). For example the anharmonicity and fundamental amide I frequencies depend on E x and E y with the coefficient having the same sign but depend on some of the electric field gradient components with different signs. Therefore the electric field shifts the anharmonicity and fundamental frequency in the same direction (positive correlation), but some electric field gradient components cause opposite shifts (negative correlation), resulting in almost no correlation when all electrostatic components are included. The positive correlation due to the constant electric field can be rationalized using the Morse potential model in the presence of the dipole-constant external electric field interaction. By neglecting the mechanical anharmonicity, the stabilization energy sµ‚E becomes linear in the coordinate, which shifts the energy minimum and shifts the fundamental and anharmonicity in the same direction. The interactions of the molecule with the electric field derivatives are complex and affect the fundamental and anharmonicity in different ways.
The 4 amide fundamental frequencies and the anharmonicities of 3 overtones and 3 combination states can be reproduced by a quadratic dependence on 10 collective solvent coordinates. The frequencies from the DFT map and the collective coordinates are very close, and the linear-infrared spectra from the DFT map and the collective coordinates are virtually identical, suggesting the collective solvent coordinates provided a good description of frequency fluctuations. Correlations between the anharmonicity of 6 overtone and combination states and their fundamental frequencies are found to be very weak. E x contributes primarily to the collective coordinates for amide I and III. The second-order derivatives of electric field (E xxx , E xyy , and E yyy ) contribute significantly to all modes, especially the amide II.
Finally, we summarize the procedure for calculating the infrared spectrum of NMA amide modes and generating the diagonal frequency fluctuations of protein local amide modes. MD simulations should be performed for more than 1 ns to get enough statistics. The electric field and its derivatives are calculated using least-squares fitting with sampling points S1 described in section II. Collective coordinates for 4 amide fundamental states can be calculated using eq 14. The collective coordinates for the anharmonicity of the 3 overtone and 3
